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Short Proof of a Conjecture by Dyson

1. J. Goop
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where a,, a;," -+, a, are nonnegative integers and
where F(x;a) is expanded in positive and negative
powers of x;, x;,+, x,. Dyson! conjectured that
G(a) = M(a), where M(a) is the multinomial coeffi-
cient (@, + - + a,)!/(a,! - - - a,!). This was proved
by Gunson? and by Wilson.® A much shorter proof
is given here.

By applying Lagrange’s interpolation formula (see,
for example, Kopal!) to the function of x that is
identically equal to 1 and then putting x =0, we
see that

Let G(a) denote the constant term in the expansion

F(x;a) =T (l - ’—c-’)a’,
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By multiplying F(x; a) by this function we see that, if
a;#0,j=1,--+, n, then

F(x;a) =Y F(x;a,,a,,"""
3
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Department of Statistics, Virginia Polytechnic Institute, Blacksburg, Virginia
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Dyson made a mathematical conjecture in his work on the distribution of energy levels in complex
systems. A proof is given, which is much shorter than two that have been published before.

so that
G(a) = ?G(al,' =

s ).

1)
If a; = 0, then x; occurs only to negative powers in

F(x; a) so that G(a) is then equal to the constant term
in

s @iy ;= 1, a5,

F(xl) s X1 Xppas Tt Xys
ay, L85, 840,00, Ay,
that is,
G(a) = G(ala 851,844, """ ,an)9 ifaj =0.
2)
Also, of course,
G0) = 1. 3)

Equations (1)-(3) clearly uniquely define G(a)
recursively. Moreover, they are satisfied by putting
G(a) = M(a). Therefore G(a) = M(a), as conjectured
by Dyson.

1 F. J. Dyson, J. Math. Phys. 3, 140, 157, 166 (1962).

2 ). Gunson, J. Math. Phys. 3, 752 (1962).

3 K. G. Wilson, J. Math. Phys. 3, 1040 (1962).

4 Z.Kopal, Numerical Analysis(Chapman and Hall, London,1955),
p. 21
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